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We report the experimental implementation of discrete-time topological quantum walks of a Bose-
Einstein condensate in momentum space. Introducing stroboscopic driving sequences to the gen-
eration of a momentum lattice, we show that the dynamics of atoms along the momentum lattice
is dictated by a periodically driven Su-Schieffer-Heeger model, which is equivalent to a discrete-
time topological quantum walk. We directly measure the underlying topological invariants through
time-averaged mean chiral displacements in different time frames, which are consistent with our
experimental observation of topological phase transitions. The high tunability of the system further
enables us to observe robust helical Floquet channels in the one-dimensional momentum lattice,
which derive from the winding of Floquet quasienergy bands. Our experiment opens up the avenue
of investigating discrete-time topological quantum walks using cold atoms, where the many-body
environment and tunable interactions offer exciting new possibilities.
Exploring topological phases is a main theme in mod-
ern physics. Characterized by topological invariants
which reflect the global geometric properties of the sys-
tem wave function, topological phases host a range of fas-
cinating features, which are robust to local perturbations
and are potentially useful for applications in quantum
information and quantum computation [1, 2]. Besides
conventional topological materials in solid-state systems,
topological phenomena also emerge away from equilib-
rium. For example, topological phases and emergent
topological phenomena exist in non-Hermitian open sys-
tems [3–14], in periodically driven Floquet systems and
quench processes [15–33], which have stimulated intense
interest recently due to the rapid progress in synthetic
quantum-simulation platforms such as cold atoms [34–
37], photonics [38–52], phononics [53], and superconduct-
ing qubits [54].
A particularly interesting subject is topologies in peri-
odically driven Floquet systems, which are shown to have
a rich structure and host novel topological phases with no
counterparts in static systems [20–23]. A paradigmatic
example of topological Floquet dynamics is discrete-time
quantum walks, which, besides potential applications in
quantum information [55–57], have been widely used
in photonics for the exploration of Floquet topological
phases [38–47]. In cold atoms, whereas Floquet topolog-
ical phases [34] and quantum walks [58] have been re-
spectively implemented, quantum walks with topological
properties are yet to be experimentally realized.
Here we report the experimental implementation of
discrete-time topological quantum walks in momentum
space for a Bose-Einstein condensate (BEC). Combin-
ing the generation of momentum lattice [59–63] with
stroboscopic driving sequences, dynamics of the conden-
sate atoms is governed by a Su-Schrieffer-Heeger (SSH)
Hamiltonian in momentum space with periodically driven
parameters. It follows that dynamics of the system can
be described as a discrete-time quantum walk which sup-
ports Floquet topological phases. Our experiment is in
sharp contrast to previous studies of topological quantum
walks in photonics [38–46], where dynamics are generated
by Floquet operators rather than genuine Hamiltonians.
Since the topological classification of our Floquet sys-
tem is Z ⊕ Z, two distinct topological invariants ex-
ist [64]. We directly measure both topological invariants
using time-averaged mean chiral displacement (A-MCD)
by going to different time frames, and identity a topo-
logical phase transition as the driving parameters are
tuned. The topological phase transition is then confirmed
experimentally through second-statistical-moment mea-
surements. We further demonstrate helical Floquet chan-
nels in the one-dimensional momentum lattice [65, 66],
where atoms on different sublattice sites are locked into
a leftward (rightward) unidirectional motion along the
momentum lattice. These dispersionless channels orig-
inate from the winding of Floquet quasi-energy bands,
and are protected by a pair of dynamic Chern numbers
in parameter space. As a result, the unidirectional atom
flow is robust against experimental errors.
Discrete-time quantum walks in momentum space:- As
shown in Fig. 1, we implement discrete-time quantum
walks in momentum space using Raman-induced momen-
tum lattice with radio-frequency (RF) modulations. In
previous experiments, momentum lattices have been re-
alized for cold atoms, taking advantage of the precise
control of momentum states with multi-frequency Ra-
man beams [59–63]. In our experiment, we further intro-
duce periodic switching of the odd- and even-frequency
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(a) The experimental setup of our scheme.  BEC is coupled with Raman beams.  One of the Raman beam is imprinted with 
different frequency components via an acoustic‐optical modulator (AOM). The odd and even frequency components are 
controlled by the RF driver. The downside shows the Raman couplings with different momentum states. The red and blue 
arrows indicates odd and even frequency components.
(b)The periodic driven scheme. For process W, the inter‐cell couplings are turned on. For process Q, the intra‐cell couplings 
are turned on.  (c) shows the time sequency for realizing the discrete quantum walk by repeating the process of WQ.  U$_1$ 
and U$_2$ are two different time frames.
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FIG. 1. (Color online) Experimental implementation of
momentum-space discrete-time quantum walks with cold
atoms. (a) Atoms in the BEC are coupled by counter-
propagating Raman beams. One of the Raman beams (Ra-
man 2) is imprinted with multiple-frequency components via
an acoustic-optical modulator (AOM). The odd and even fre-
quency co ponents, marked by red and blue arrows, alternate
in time, which are controlled by the radio-frequency (RF)
driver. The periodically modulated Raman processes couple
discretized momentum states, leading to a momentum lattice
labeled by n ∈ Z with nearest-neighbor Raman-assisted hop-
ping. The staggered Raman couplings also enable us to define
sublattice sites a and b along the momentum lattice. (b) Il-
lustration of the effective time-evolution operators W and Q.
Under W , the intra-cell couplings are turned on along the mo-
mentum lattice. Under Q, the inter-cell couplings are turned
on. (c) Illustration of the two time frames, dictated by Flo-
quet operators U1 and U2 (see definition in the main text),
respectively.
components of the multi-frequency Raman lasers [see
Fig. 1(a)]. This gives rise to a stroboscopic switching
of the hopping terms between adjacent sites along the
momentum lattice. Here the n-th site ((n ∈ Z)) along
the lattice corresponds to the momentum pn = n× 2~k,
where k is the wave vector of the Raman lasers. As il-
lustrated in Fig. 1(a), atoms on site n and n+ 1 are cou-
pled by a pair of Raman beams with an offset frequency
fn = (2n + 1) × 4Er, where Er is the recoil energy. In
order to realize the switching of Raman couplings, the
offset frequencies are divided into odd and even compo-
nents depending on the parity of n. While these odd-
and even-frequency components are switched on and off
by step functions through the RF driver, the effective
Hamiltonian for the BEC atoms is given by
Hˆ =
∑
m
[w(t) |m, b〉 〈m, a|+ q(t) |m+ 1, a〉 〈m, b|+H.c.] ,
(1)
where non-resonant Raman couplings are neglected.
Here m labels the unit cell, and a and b label the sub-
lattice sites within a unit cell. As shown in Fig. 1(a),
adjacent momentum-lattice sites are mapped to sublat-
tice sites a and b of a unit cell in Eq. (1), such that
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FIG. 2. (Color online) Experimental demonstration of a
typical discrete-time quantum-walk dynamics in momentum
space. For the experiment, we have (θ1, θ2) = (pi/4, pi/4).
|m, a〉 (|m, b〉) corresponds to the momentum-lattice site
n = 2m (n = 2m+1). Importantly, the step-wise Raman-
induced hopping rates w(t) and q(t) satisfy w(t) + q(t) =
−Ω2 , where Ω is the Raman-coupling rate and w(t) is
given by
w(t) =
{
−Ω2 , jT < t ≤ jT + tw
0, jT + tw < t ≤ (j + 1)T
. (2)
Here j ∈ {0, 1, 2, ....}, T = tw + tq, and tw and tq are
pulse durations for Raman processes with even- and odd-
frequency components, respectively. The effective Hamil-
tonian Eq. (1) captures the dynamics well as long as
Ω 4Er [67], which is the case in our experiment.
Dynamics under the periodically driven SSH model in
Eq. (1) can be further mapped to discrete-time quantum-
walk dynamics governed by Floquet operators. As illus-
trated in Fig. 1(b), when the even-frequency Raman cou-
pling is turned on, intra-cell hopping w(t) in Eq. (1) is
finite while q(t) = 0. It follows that the corresponding
time-evolution operator W (θ1) is given by
W (θ1) |m, a(b)〉 = cos θ1 |m, a(b)〉+ i sin θ1 |m, b(a)〉 ,
(3)
where θ1 = Ωtw/2. Similarly, when the odd-frequency
Raman coupling is turned on, inter-cell hopping q(t) is
finite and w(t) = 0. It follows that the time-evolution
operator Q(θ2) is
Q(θ2) |m, a(b)〉 = cos θ2 |m, a(b)〉+ i sin θ2 |m∓ 1, b(a)〉 ,
(4)
where θ2 = Ωtq/2. Note that the condition tw + tq = T
translates to θ1 + θ2 = ΩT/2. The overall dynam-
ics of the system is thus governed the Floquet operator
U = Q(θ2)W (θ1), driving a discrete-time quantum-walk
dynamics.
Experimentally, we prepare a BEC with ∼ 6 × 104
atoms in a crossed dipole trap with trapping frequencies
2pi×(115, 40, 100)Hz. We generate the momentum lattice
3(c)
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(a) The phase diagram of the driven SSH model. The numbers in each eara  represent the 
winding numbers ($w_1$, $w_2$) for two time frames ($U_1$ and $U_2$).  The red line 
indicate the experimental parameters we take. (b) shows the A‐MCD versus $\gamma$.
The solid lines are the simulation with finite sites and finite walk steps. (c) is the second
order moment versus $\gamma$. The red and black dots are experimental data for two 
different time frame $U_1$ and $U_2$. The solid lines are the numerical simulations.
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FIG. 3. (Color online) (a) Topological phase diagram of our
discrete-time quantum walk. Topological invariants (C0, Cpi)
are shown on the plane of (θ1, θ2). The dashed red line indi-
cates the parameters traversed in (b)(c). (b) Experimentally
measured A-MCD for a six-step quantum walk. The dashed
blue (red) line shows the variation of C0 (Cpi). (c) Experimen-
tally measured second statistical moment M2/t
2 for dynamics
governed by U1 (black) and U2 (red), respectively. In (b)(c),
the experimental data (dots with error bars) agree well with
results from numerical simulations (solid lines), which reveal
a topological phase transition near γ = 1.
following the procedure outlined in Ref. [63]. Quantum-
walk dynamics are introduced by periodical modulation
of the Raman pulses inducing the momentum lattice. For
detection, we turn off all the dipole trap and Raman
beams, and take an absorption image after 20ms time
of flight, from which atom populations in different mo-
mentum states are extracted. For all our experiments,
we set Ω = 2pi × 2.3kHz and Er ≈ 2.03kHz, while θ1
and θ2 are tuned by adjusting pulse durations tw and
tq. A typical experimental measurement for a homoge-
neous discrete-time quantum-walk dynamics is shown in
Fig. 2, where a ballistic spreading of population, typical
for discrete-time quantum walks, is observed. Here we
fix T ≈ 0.22ms and tw = tq.
Detecting topological properties:- Quantum walks gov-
erned by the Floquet operator U = Q(θ2)W (θ1) support
Floquet topological phases, which are characterized by a
pair of winding numbers defined in distinct time frames.
As illustrated in Fig. 1(c), these time frames are associ-
ated with the Floquet operators
U1 = W (
θ1
2
)Q(θ2)W (
θ1
2
),
U2 = Q(
θ2
2
)W (θ1)Q(
θ2
2
), (5)
which have chiral symmetry ΓUαΓ
−1 = U−1α (α = 1, 2)
with Γ = σz, and give rise to winding numbers C1 and
C2, respectively. Following the practice in Ref. [64], we
define topological invariants (C0, Cpi) = (
C1+C2
2 ,
C1−C2
2 ),
which dictate the number of topological edge states with
quasienergies E = 0 and E = pi, respectively, through the
bulk-boundary correspondence. The topological phase
diagram of the system is shown in Fig. 3(a), where topo-
logical invariants (C0, Cpi) are plotted as functions of the
Raman-coupling parameters (θ1, θ2).
To experimentally demonstrate topological features of
the momentum-space quantum walk, we experimentally
probe the topological invariants (C0, Cpi), and confirm
topological phase transitions by monitoring dynamics of
condensate atoms in momentum space. Quantum walks
in different time frames are implemented by applying dif-
ferent sequence of Raman pulses which correspond to U1
and U2, respectively. Here we fix T ≈ 0.16ms and adjust
tw and tq, which corresponds to θ1 +θ2 = 3pi/8, as shown
by the red dashed line in Fig. 3(a).
First, we directly probe topological invariants (C0, Cpi)
by detecting mean chiral displacements [40]. We initialize
atoms in the n = 0 state, let them evolve on the momen-
tum lattice, and take time-of-flight images at different
time steps. To suppress experimental errors induced by
imperfect control of pulse durations in W and Q [67],
we measure the A-MCD for an N -step quantum walk,
defined as
C¯α = 2
N
N∑
Nstep=1
∑
m
m
[
P (α)m,a(Nstep)− P (α)m,b(Nstep)
]
, (6)
where α ∈ {1, 2} indicates the time frame, and
P
(α)
m,a(b)(Nstep) is the measured atom population in the
state |m, a(b)〉 at the Nstep-th step (Nstep ∈ N ) for the
dynamics under Uα. Performing the measurements in
both time frames, we construct C¯0,pi = 12 (C¯1 ± C¯2), which
should approach C0,pi in the long-time limit. In our ex-
periment, as shown in Fig. 3(b), the measured A-MCDs
agree well with theoretical predictions after a six-step
quantum walk.
An important observation of the measured A-MCD
is the occurrence of a topological phase transition near
γ = 1 (γ = θ1/θ2), where the numerically calculated
winding numbers C1 and C2 undergo abrupt changes. To
confirm this, we measure the second-statistical moment
M
(α)
2 , which is defined as
M
(α)
2 =
∑
m
m2
[
P (α)m,a(Nstep) + P
(α)
m,b(Nstep)
]
(7)
for the Nstep-th step. In the long-time limit, M
(α)
2 should
peak at the topological phase boundary under Uα [39],
where the corresponding winding number undergoes an
abrupt jump. In Fig. 3(c), we show measured M
(α)
2 after
six time steps. The measured peaks in M
(α)
2 for both
time frames are located near γ = 1, consistent with theo-
retical predictions. We note that the measured topolog-
ical invariants and phase transitions are also consistent
with edge-state measurement when an open boundary is
imposed [67].
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The dynamics of helical XXX when $(\theta_1, \theta_2)$  is set to be  $(\pi/2, \pi/2)$ 
when the initial state is prepared  (a) at the left of n=0 cell (A first), (c) at the right of 
n=0 cell (B first). Please note that here each dot represents a unit cell.  (b) and (d) are 
numerical simulations of the spin texture for (a) and (c). (e) is the fidelity versus the 
walking steps. (f) is the band struture when $\theta_1=\pi/2$ and $\theta_2=pi/2$. 
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FIG. 4. (Color online) Observation of helical Floquet c annels with (θ1, θ2) = (pi/2, pi/2). (a) Measured −〈Sz〉t shows a
unidirectional leftward flow for atoms initialized in |0, b〉. (b) Measured 〈Sz〉t shows a unidirectional rightward flow for atoms
initialized in |0, a〉. (c) Quasienergy dispersion for (θ1, θ2) = (pi/2, pi/2). (d)(e) Space-time spin textures corresponding to
dynamics in (a)(b), respectively. (f) Measured ±〈Sz〉t for Nstep = 4. Red (black) bars correspond to −〈Sz〉t (〈Sz〉t ) for atoms
initialized in |0, b〉 (|0, a〉).
Robust helical Floquet channels:- The high tunability
of our configuration further enables us to observe ro-
bust helical Floquet channels in the one-dimensional mo-
mentum lattice [65, 66]. These helical Floquet chan-
nels derive from windings of the Floquet quasienergy
bands, and manifest themselves as unidirectional flow
of atoms along the momentum lattice. To observe the
phenomenon, we evolve the system under the Floquet
operator Uh = Q(pi/2)W (pi/2), which corresponds to
fixing T ≈ 0.44ms and tw = tq. We then measure
〈Sz〉t as a function of m at each time step, where
Sz = (|m, a〉〈m, a| − |m, b〉〈m, b|)/2. More generally, we
define the pseudo-spin operators Sβ (β = x, y, z) with
Sβ =
1
2 |m,µ〉σµνβ 〈m, ν|, where µ, ν ∈ {a, b} and σµνβ is
the corresponding Pauli matrix element. In a perfect he-
lical Floquet channel, pseudo-spins with spin-down (spin-
up) polarization along the z axis should propagate to
the left (right), demonstrating a “spin-momentum lock-
ing” behavior discussed in Ref. [65]. Such a behavior is
clearly observed in Fig. 4(a)(b), where atoms initialized
in |m = 0, b〉 (|m = 0, a〉) propagate to the left (right)
along the momentum lattice during the quantum-walk
dynamics.
Such a behavior originates from the winding of the
Floquet quasienergy bands. In Fig. 4(c), we show the
quasienergy of Uh. Whereas the quasienergy spectrum is
gapless, thus invalidating the calculation of winding num-
bers defined on the one-dimensional Brillouin zone of the
momentum lattice, the spectrum clearly shows the wind-
ing of Floquet quasienergy bands [15]. Importantly, the
decoupled linear dispersions of atoms in states |a〉 and |b〉
underlie the dispersionless helical Floquet channels ob-
served in Fig. 4(a)(b). Formally, the Fourier components
of Uh can be decomposed into U
(µ)
k˜
(µ = a, b), which
are Floquet operators associated with the two sublattice
sites. Here k˜ belongs to the first Brillouin zone (1BZ) of
the effective Hamiltonian Eq. (1). The Floquet winding
numbers are then defined as [15, 65]
ν(µ) =
1
2pii
∫
1BZ
dk˜Tr[U
(µ)
k˜
∂k˜U
(µ)†
k˜
], (8)
with ν(a) = 1 and ν(b) = −1 under Uh. These
Floquet winding numbers are equivalent to dynamic
Chern numbers defined on the k˜-t manifold, which can
be visualized as dynamic-skyrmion structures in the
pseudo-spin micromotion of the atoms [see Figs. 4(d)(e)].
Here the pseudo-spin textures are given by n(k˜, t) =∑
β=x,y,z〈Sβ〉teβ in each k˜ sector (eβ being the unit vec-
tor of the corresponding direction), with atoms initialized
in |b〉 and |a〉, respectively, for Figs. 4(d) and (e).
Due to their topological origin, a remarkable feature of
the helical Floquet channels is their robustness against
perturbations, which manifests in the robustness of the
spin-momentum locking. In our experiment, the fact that
we observe these channels at all relies upon this very ro-
bustness. Specifically, due to experimental decoherence
and fluctuations in the pulse durations, atoms in differ-
ent helical Floquet channel are inevitably coupled to each
other. In Fig. 4(f), we plot the distribution of 〈Sz〉t along
the momentum lattice at Nstep = 4. Whereas the peak
values decay below 0.1, indicating atom loss from the cor-
responding helical Floquet channel, the highest peak is
5still on the left- (right-) most unit cell for atoms initial-
ized in |b〉 (|a〉), such that the unidirectional flows are still
observable. Further, atoms coupled out of a given Flo-
quet channel lag behind the highest peak in propagation
and reverse their pseudo-spin polarizations, suggesting
the robustness of spin-momentum locking.
Conclusion:- We experimentally implement a strobo-
scopic driving of ultracold atoms on a momentum lattice,
thus realizing discrete-time quantum-walk dynamics us-
ing cold atoms. We investigate in detail topological prop-
erties of the quantum-walk dynamics, including mea-
suring topological invariants, probing topological phase
transitions, and observing robust helical Floquet chan-
nels. By realizing discrete-time quantum-walk dynamics
in a quantum many-body system via stroboscopic driving
of the Hamiltonian, our experiment differs fundamentally
from existing studies of photonic quantum-walk dynam-
ics where the dynamics is driven by the propagation of
classical light or photons rather than by Hamiltonians.
Based on the flexible controls available in cold atoms,
it would be interesting to explore topological quantum-
walk dynamics under interaction, in the presence of non-
Hermicity, or in higher dimensions.
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Supplemental Materials for “Topological quantum walks in momentum space with a
Bose-Einstein condensate”
In this Supplemental Materials, we provide details for
the derivation of the effective Hamiltonian and the topo-
logical invariants. We also provide additional simula-
tion and experimental data demonstrating time-averaged
mean chiral displacement, the detection of topological
edge states, and the comparison between the full and ef-
fective Hamiltonians.
DERIVATION OF THE EFFECTIVE
HAMILTONIAN
In this section, we derive, from the full Hamiltonian,
the effective Hamiltonian as shown in Eq. (1) of the main
text. Following the experimental setup illustrated in
Fig. 1 of the main text, we start from the single-particle
Hamiltonian under the dipole approximation
Hˆ =
pˆ2
2M
+ ~ωe |e〉 〈e|+ ~ωg |g〉 〈g|+ d ·E, (S1)
where |g〉 (|e〉) is the atomic ground (excited) state with
energy ~ωg (~ωe), M is the atomic mass, and d is the
electric dipole moment. The electric field is given by
E = E+ +E−, with
E+ = E+ cos(k+ · x− ω+t+ φ+), (S2)
E− =
∑
i
Ei cos(ki · x− ωit+ φi), (S3)
where Ω+ = 〈e|d · E+ |g〉 /~, Ωi = 〈e|d · Ei |g〉 /~, and
ω+ and ωi (φ+ and φi) are the frequencies (phases) of
acoustic-optical modulated Raman lasers. According to
our experimental configuration (see Fig. 1 of the main
text), we write k+ = kex, ki ' −kex, and ∆ ≡ ωeg −
ω+ ' ωeg − ωi with ωeg ≡ ωe − ωg. Here ex is the unit
vector along the x direction.
Without loss of generality, we assume that the Rabi
frequencies Ω+ and Ωi are real, so the Hamiltonian can
be written as
Hˆ =
pˆ2
2M
+ ~ωe |e〉 〈e|+ ~ωg |g〉 〈g|
+ ~
[
Ω+ cos(kx− ω+t+ φ+) +
∑
i
Ωi cos(−kx− ωit+ φi)
]
× (|e〉 〈g|+ |g〉 〈e|). (S4)
We then apply the rotating-wave approximation, adia-
batically eliminate the excited state |e〉, and expand the
external motion of the ground state in the discretized
momentum lattice with |ψ〉 = ∑
n
cne
i2nkx |n〉 ⊗ |g〉 (n ∈
Z). The resulting effective ground-state Hamiltonian be-
comes
Hˆeff =
∑
n
4n2Er |n〉 〈n|
+
~
4∆
∑
n
Ω+Ωne
−i(ω+−ωn)tei(φ+−φn) |n+ 1〉 〈n|
+
~
4∆
∑
n
Ω+Ωne
i(ω+−ωn)te−i(φ+−φn) |n〉 〈n+ 1|.
(S5)
Experimentally, we tune the effective Rabi frequencies of
all Raman processes to be of the same magnitude, such
that Ω = ΩnΩ+2∆ . We then have
HˆIeff =
∑
n
(
~Ω
2
ei(2n+1)
4Er
~ te−i(ω+−ωi)teiϕn |n+ 1〉 〈n|
+
~Ω
2
e−i(2n+1)
4Er
~ tei(ω+−ωi)te−iϕn |n〉 〈n+ 1|
)
, (S6)
where ϕn = (φ+−φn), and we have taken the appropriate
interaction picture.
The effective Hamiltonian (S6) can be further simpli-
fied by neglecting non-resonant terms. Experimentally,
we choose Ω 4Er, such that only resonant terms have
significant contribution in the dynamics. The resulting
Hamiltonian becomes
HˆIeff =
∑
n
(
~Ω
2
eiϕn |n+ 1〉 〈n|+H.c.), (S7)
which is a tight-binding Hamiltonian on a momentum
lattice. In the experiment, we set ϕn = 0 for all n.
We now consider the periodic switching of the Raman
couplings, due to the step functions imposed by the radio-
frequecy (RF) driver. Denoting the pulse durations when
the even- (odd-) frequency components are switched on
as tw (tq), we map the effective Hamiltonian to a Su-
Schiefer-Heeger (SSH) model in momentum space with
periodically driven coefficients
Hˆ = w(t)
∑
m
|m, b〉 〈m, a|+q(t)
∑
m
|m+ 1, a〉 〈m, b|+H.c.,
(S8)
where the mapping between |m, a(b)〉 as well as the coef-
ficients w(t) and q(t) are given in the main text.
TOPOLOGICAL INVARIANTS OF
DISCRETE-TIME QUANTUM WALKS
The discrete-time quantum walk governed by U =
Q(θ2)W (θ1) supports Floquet topological phases, whose
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2topological invariants can be calculated by going to dif-
ferent time frames. These time frames are respectively
governed by the Floquet operators
U1 = W (
θ1
2
)Q(θ2)W (
θ1
2
), (S9)
U2 = Q(
θ2
2
)W (θ1)Q(
θ2
2
). (S10)
The topology of these Floquet operators are charac-
terized by their associated winding numbers (C1, C2). To
calculate the winding numbers, we perform Fourier trans-
forms on U1 and U2, and write their Fourier components
as
U1 = d
(1)
0 σ0 − id(1)1 σx − id(1)2 σy − id(1)3 σz, (S11)
U2 = d
(2)
0 σ0 − id(2)1 σx − id(2)2 σy − id(2)3 σz, (S12)
where σx,y,z are Pauli matrices, I is a two-by-two identity
matrix, and the coefficients d
(1,2)
i (i = 0, 1, 2, 3) are
d
(1)
0 = − cos k˜ sin θ1 sin θ2 + cos θ1 cos θ2,
d
(1)
1 = − cos θ2 sin θ1 − cos k˜ cos θ1 sin θ2,
d
(1)
2 = − sin k˜ sin θ2,
d
(1)
3 = 0, (S13)
and
d
(2)
0 = − cos k˜ sin θ1 sin θ2 + cos θ1 cos θ2,
d
(2)
1 = cos
2 k˜ sin θ1 (1− cos θ2)− sin θ1 − cos k˜ cos θ1 sin θ2,
d
(2)
2 = − sin k˜
(
cos θ1 sin θ2 − cos k˜ sin θ1 + cos k˜ cos θ2 sin θ1
)
,
d
(2)
3 = 0. (S14)
Here k˜ belongs to the first Brillouin zone of the momen-
tum lattice.
The winding numbers are calculated as
Cα =
1
2pi
∫
dk˜
−d(α)2 ∂d
(α)
1
∂k˜
+ d1
∂d
(α)
2
∂k˜
d
(α)2
2 + d
(α)2
1
(α = 1, 2). (S15)
Alternatively, we define the topological invariants
C0 =
C1 + C2
2
,
Cpi =
C1 − C2
2
, (S16)
which directly correspond to topological edge states with
quasienergies  = 0 and  = pi, respectively, through the
bulk-boundary correspondence. The topological phase
diagram for (C0, Cpi) are shown in Fig. 3 of the main
text.
Nstep
FIG. S1. Comparison of MCD and A-MCD. The blue line
shows MCD versus discrete time step t/T . The red line shows
A-MCD, which converges faster than the MCD. The yellow
dashed line shows the ideal winding number C1. The param-
eters are (θ1, θ2) = (3pi/32, 9pi/32). The green dashed line in-
dicates the experimentally implemented time step Nstep = 6.
TIME AVERAGED MEAN CHIRAL
DISPLACEMENT
Topological invariants can be directly probed in
quantum-walk dynamics through mean chiral displace-
ment (MCD), defined as
C1,2(t) = 2
∑
m
m[P (1,2)m,a (Nstep)− P (1,2)m,b (Nstep)], (S17)
where Pαm,a(b)(Nstep) is the atom population in |m, a(b)〉
at the Nstep-th step under Uα. In our experiment, we
measure the time-averaged mean chiral displacement (A-
MCD) instead, which converges faster to the correspond-
ing winding number. The A-MCD is defined as
C¯1,2(t) = 2
N
∑
Nstep,m
m[P (1,2)m,a (Nstep)− P (1,2)m,b (Nstep)],
(S18)
where Nstep = 1, 2, · · · , N .
In Fig. S1, we show a numerical calculation comparing
MCD and A-MCD for a finite-step quantum walk gov-
erned by the effective Hamiltonian Eq. (S8). Whereas
oscillations in the MCD persist into longer times, A-
MCD already converges at the sixth step. Apparently,
the fast convergence of A-MCD stems from the oscilla-
tory behavior of MCD at intermediate times. Further,
from an experimental point of view, A-MCD helps to av-
erage out the inevitable fluctuations in the durations of
Raman pulses. As such, it is preferable to probe A-MCD
for the direct measurement of winding numbers.
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The dynamics with time fram $U_1$ for BEC prepared  at the edge when
 (a) $\gamma=0.5$, (b) numerical  simulation, and (c) $gamma=2$, 
(d) numerical simulations. When $\gamma<1$, the edge state remains for a long time.
(e) The dynamics with time frame $U_1$ for BEC prepared  at the bulk when 
$\gamma=0.5$, and (f) the numerical simulations.
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FIG. S2. (Color online) Experimental detection of topolog-
ical edg states. (a)(b) Dynamics un er U1 with an open
boundary t n = 0. The bulk is topologically non-trivial with
γ = 0.5 (γ = θ1/θ2) and C1 = 1. (c)(d) Dynamics under U1
with an open boundary at n = 0. The bulk is topologically
trivial with γ = 2 and C1 = 0. Localization of atom pop-
ulation near n = 0 is observed in (a)(b), but not in (c)(d),
particularly for the last step. (e)(f) Dynamics under U1 with
no boundaries near n = 0. The bulk is topologically non-
trivial with γ = 0.5 and C1 = 1. Compared to (a)(b), atoms
are not localized near n = 0.
DETECTING OF EDGE STATES
A prominent property of topological phases, robust
edge states exist at boundaries between bulks with dif-
ferent topological invariants. The presence of edge states
give rise to local population accumulation in quantum-
walk dynamics, which have been used as a signature for
topological quantum walks. For our system, we create
an open boundary near n = 0 by turning off RF com-
ponents in the AOM dirver corresponding to sites with
n < 0. In Fig. S2, we show measured atom population
along the momentum lattice at different times of the dy-
namics. Under an open boundary condition, local atom
population should accumulate near n = 0 when the bulk
has finite winding numbers. In contrast, when the bulk
winding numbers vanish, atom population should become
extended in momentum space at long times. As illus-
trated in Fig. S2(a)(c), difference in the local-population
accumulation near the boundary for topological trivial
and non-trivial bulks is becoming discernable at the sixth
step, albeit larger steps are needed to fully differentiate
the two cases. For comparison, we plot in Fig. S2(e)(f)
dynamics of a homogeneous quantum walk. Despite fi-
nite winding numbers in the bulk, atom population be-
comes extended at long times, due to the absence of any
boundaries.
Nstep
Nstep
(a)
(b)
FIG. S3. A-MCD for (a) (θ1, θ2) = (5pi/16, pi/16), and (b)
(θ1, θ2) = (3pi/32, 9pi/32). The red line shows A-MCD under
the simplified Hamiltonian Eq. (S8). The blue line shows A-
MCD of the full Hamiltonian Eq. (S6). The green dashed line
indicates the experimentally implemented time step Nstep =
6.
COMPARSION OF THE FULL HAMILTONIAN
AND THE SIMPLIFIED HAMILTONIAN
In this section, we compare dynamics under the full
Hamiltonian in Eq. (S6) and that under the simplified
periodically driven SSH model Eq. (S8). Using numeri-
cal simulations, we demonstrate that, under our typical
experimental conditions, it is reasonable to neglect the
non-resonant terms in Eq. (S6), a crucial approximation
leading to the implementation of discrete-time quantum-
walk dynamics in momentum space.
We adopt the time frame governed by U1, and choose
two sets of parameters: (θ1, θ2) = (5pi/16, pi/16) with
C1 = 0, and (θ1, θ2) = (3pi/32, 9pi/32) with C1 = 1.
In Fig. S3, we plot the resulting A-MCD under the
ideal Hamiltonian in red, and the A-MCD under the full
Hamiltonian in blue. In both cases, the two results lie
close to one another and to the respective winding num-
ber C1 (yellow dashed line) up to sixteen time steps.
